Introduction
Let M be a smooth compact surface, X be a closed (possible empty) subset of M , D(M, X) be the group of diffeomorphisms of M fixed on some neighborhood of X. Then the group D(M, X) acts on the space of smooth functions C ∞ (M ) on M by the following rule: and so on. Endow spaces D(M, X) and C ∞ (M ) with the corresponding Whitney topologies; these topologies induce certain topologies on S(f, X) and O(f, X).
Let S id (f, X) and D id (f, X) be respectively connected components of S(f, X) and D(f, X) which contain the identity map id M , and O f (f, X) be the connected component of O(f, X) containing f. We also set S ′ (f, X) = S(f ) ∩ D id (M, X). Let F (M ) ⊂ C ∞ (M ) be a set of smooth functions satisfying the following conditions:
(B) the function f takes the constant value at each connected component of the boundary ∂M , and all critical points of f belongs to the interior of M ; (P) for each critical point z of f the germ of f in z is smoothly equivalent to some homogeneous polynomial f z : R 2 → R without multiple factors.
Let Morse ∂ (M ) be the set of Morse functions satisfying condition (B). It is known that the set Morse ∂ (M ) is a dense subset of C ∞ (M ). By Morse Lemma, every non-degenerate singularity of Morse function is smoothly equivalent to the polynomial ±x 2 ± y 2 in some chart representation around this critical point. Thus, we have the inclusion
Theorem 1.1 ( [7, 9, 10] ). Let f ∈ F (M ) and X be a finite (possible empty) union of regular components of level-sets of f . Then the following statements hold: 
we have the following sequence
, and the map ∂ :
In the serious of papers [7, 8, 9, 10, 11, 12, 13] Maksymenko described homotopy type of stabilizers of the action (1.1).
Maksymenko and the author in papers [14, 15] describes fundamental group of the orbit
in the case when KR-graph of the function f has a cycle. In the case when KR-graph of f is a tree, the authors [6] found conditions under which the sequence (1.2) splits. The aim of the paper is to describe the group π 1 O f (f ) of the function f from F (T 2 ) whose KR-graph is a tree. (2) of Theorem 1.1 follows that for every k ≥ 0 there is an isomorphism
In the text we will identify
Structure of the paper. In Section 2 we collects some preliminaries: wreath products of special type, needed for formulation of the result, Kronrod-Reeb graph of smooth functions and its automorphism group. The main result of the paper is Theorem 2.5 which is proved in Section 3.
Preliminaries

Wreath products
Let G be a group, and 1 be the unit of G, Map(Z n × Z m , G) be the group of all maps Z n × Z m → G with the point-wise multiplication, i.e., for α, β :
The group Z 2 acts from the right on Map(Z n ×Z m , G) be the following rule: if α ∈ Map(Z n ×Z m , G) and (k, j) ∈ Z 2 , then the result of this action α k,l is given by
The semi-direct product Map(Z n × Z m , G) ⋊ Z 2 , which corresponds to this Z 2 -action we denote by
and will call the wreath product of G and
2 is a Cartesian product with the operation:
Moreover we have the following exact sequence
where σ(α) = (α, (0, 0)) is the inclusion, and p(α, (a 1 , a 2 )) = (a 1 , a 2 ) is the projection.
2.2.
Kronrod-Reeb graph of smooth functions. Let f ∈ F (M ) and c be a real number. Recall that a connected component C of level-set f −1 (c) is called critical if C contains at almost one critical point of f , otherwise C is called regular.
Let ∆ be a partition of M onto connected components of level-sets of the function f . It is well known that the quotient-space M/∆ is 1-dimensional CW complex called Kronrod-Reeb graph of f , or simply, KR-graph of f ; we will denote it by Γ f . From the definition of Γ f follows that vertices of Γ f are critical components of level-sets of f. Let also p f : M → Γ f be the projection map. So, the function f can be represented as the following composition:
where φ f is the map induced by f . Note that φ f is monotone on the set of edges of Γ f .
Actions of
is commutative. In other words, we have a homomorphism: ρ :
, which consists of the restrictions of elements of G v onto st(v). We will call it the local stabilizer of v under the action of G. Note that the group G loc v does not depends on the choice of the star st(v) of the vertex v. In particular, the following diagram
is commutative, where p is a projection, r is the restriction map onto st(v), ρ = ρ 0 • r, and ρ = r • ρ. For the function f ∈ F (T 2 ) on 2-torus the following result holds:
The vertex v of Γ f and the critical component
, which corresponds to v we will call special.
The main result of out paper is the following result:
be such that Γ f is a tree, and v be the special vertex of Γ f . Then
. . , r, and there is an isomorphism
In particular, in the case G loc v = 1 we have the isomorphism ξ :
2.6. Combinatorial actions of finite groups on surfaces. Now we recall some results from [3] . Let f ∈ F (M ). Suppose that its Kronrod-Reeb graph Γ f contains a special vertex v, and V be the special component of level set of f which corresponds to v.
Let
It is easy to see that ρ(S V (f )) ⊂ G v . We denote by φ the map
Let H be a subgroup of G loc v and H = φ −1 (H) be a subgroup of S V (f ). We will say that the group H has property (C) if the following conditions hold.
(C) Let h ∈ H, and E be a 2-dimensional element of Ξ. Suppose that h(E) = E. Then h(e) = e for all other e ∈ Ξ, and the map h preserves orientation of each element of Ξ. 
Proof of statement (1) of Theorem 2.5
Let f ∈ F (T 2 ) be such that its KR-graph Γ f is a tree, and v is the special vertex of the graph Γ f , and V be the connected component of f , which corresponds to v. We need to show that
Note that from Lemma 2.4 follows that V gives the partition of T 2 : 0-dimensional and 1-dimensional cells are vertices and edges of V respectively, and 2-dimensional cells are connected component of T 2 \V. From [7, Theorem 7.1] follows that for each h ∈ ker(r • ρ) the following conditions hold:
(1) h(e) = e for each cell e, (2) the map h : e → h(e) preserves orientations of cells e of dimension dim e ≥ 1.
Let h ∈ S
′ (f ) be a diffeomorphism. According to [9 
, Proposition 5.4] either all cells are h-invariant, or the number of invariant cells under h is equal to Lefschetz number L(h).
Since h is isotopic to the identity map, it follows that L(h) = χ(T 2 ) = 0. Thus, combinatorial action of h on the set of all cells defines by the action of h on any fixed 2-cell, i.e., by the action ρ(h) on the edge of st(v). Therefore, from Proposition 2.7 follows that there exists the section s :
In particular, the quotient-map q : 
Since q is the monomorphism, it follows that the proposition (1) of Theorem 2.5 is the consequence of the following result: (2) of Theorem 2.5
Proof of statement
Step 1. Choice of generators of π 1 T 2 and
Then we have the following diagram:
where q : Z 2 → Z 2 and ∂ : Z 2 → Z n × Z nm are defined by the formulas:
Let L, M : T 2 × R → T 2 be the unique lifftings of X and Y respectively with respect to the map q such that L and M commutes and
follows that connected components of T 2 − V we can enumerate by three indexes D ijk such that i = 1, 2, . . . , r, j = 0, 1, . . . , n − 1, and k = 0, 1, . . . , mn − 1.
where second index takes modulo n, and third by modulo mn.
n−1 j=0 mn−1 k=0 S ijk . Next, define the homomorphism
by the formula: if α = (h ijk ) ∈ S, then the map
is given by the formula
where
After direct verifying we see that τ is the isomorphism.
Step 2. Epimorphism ψ. Let h :
is a loop in T 2 with the starting point x. Define the map ℓ :
It is known that the map ℓ is the isomorphism, see [1, 2, 4] .
Since ℓ is the isomorphism, it follows that by 3 × 3-lemma, the homomorphism ζ = ∂ • λ −1
1 | ker ψ is the isomorphism.
(2) Note that the following map is the isomorphism
which induces the an isomorphism
(3) It sufficient to show that the inclusion ι :
is a homotopy equivalence. Hence it induces the isomorphism ι : π 0 S ′ (f, N ) → π 0 ker(r • ρ) = ker ρ 0 . Now we show that there exists an isotopy H : ker(r • ρ) × I → ker(r • ρ) such that the following conditions hold:
. From [9, Claim 1] follows that for each h ∈ ker(r • ρ) there exists a unique smooth function
Extend the function β h to the smooth function
(1) ε is constant on orbits of flow F;
. Furthermore from condition (1) on the function ε follows that the map
is the diffeomorphism for all t ∈ I, see [7, Claim 4.14.1]. From conditions (2) and (3) we have that N ) . Then β h = tα t = 0 in N , and hence, F tα h | N = id N for all t ∈ I. In particular H t (h)| N = h| N = id N .
(
Step 4. Defining the map ξ. Define the map
by the following way. Let α : Z n × Z mn ∼ = G by the formula:
It is easy to see that h is well defined. We set
Also it is no difficult to verify that the map ξ is the homomorphism. Furthermore from Lemma 4.1 and the formula for the map τ follows that the following diagram is commutative:
By 5-lemma we have that ξ is the isomorphism. Theorem 2.5 was proved.
